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Unsteady Navier-Stokes Computations Past Oscillating
Delta Wing at High Incidence

Osama A. Kandil* and H. Andrew Chuangt
Old Dominion University, Norfolk, Virginia 23529

The unsteady, compressible, thin-layer, Navier-Stokes equations, written in the moving frame of reference for
the flow relative motion, are solved for the unsteady supersonic flow around a round-edged delta wing. For
supersonic flow, a local conical flow solution has been obtained from the three-dimensional equations. Pseudo-
time stepping is used for the steady flow problem; while time-accurate stepping is used for the unsteady flow
problem. The computational scheme is an implicit, approximately factored, finite-volume scheme, which uses
implicit and explicit dissipation terms. The scheme is verified for the steady flow solution. The scheme is then
applied to a delta wing undergoing rolling oscillation at a reduced frequency of 1.337 with 15-deg maximum
amplitude about a mean angle of attack of 10 deg for a Mach number of 2 and a Reynolds number of 0.5 X 105,

Introduction

HE literature on the computational solution and experi-

mental data of unsteady vortex-dominated flows includ-
ing shock waves around delta wings is unfortunately very
limited. This is attributed to the complexity of the flow and its
dependence on numerous variables and parameters. The un-
steady flow is characterized by the existence of time-depen-
dent primary, secondary, and trailing vortices, moving shock
waves with time-dependent strengths, shock-vortex-core and
shock-boundary-layer interactions, time-dependent vortex-
core formation and breakdown, and wing aeroelastic defor-
mations and structure instabilities.

Most of the existing unsteady computational schemes are
based on the unsteady small disturbance (TSD) theory,!?
unsteady full potential (UFP) equation,’* UTSD equation
with nonisentropic flow corrections,® and UFP equation with
nonisentropic flow corrections.” These schemes are restricted
to attached flows only. For mildly separated flows, integral
and finite-difference boundary-layer schemes have been cou-
pled with potential flow schemes.®®

The unsteady Euler equations adequately model shock
waves and their motion, entropy increase across shocks, en-
tropy gradient and vorticity production, and convection be-
hind shocks, as can be seen from Crocco’s theorem and the
inviscid vorticity transport equation. Moreover, the computa-
tional solution of Euler equations adequately models sepa-
rated flow from sharp edges.!® '21"!8 For smooth-surface
separation, round-edge separation, shock-induced separation,
viscous diffusion and dissipation, vortex breakdown, flow
transition and turbulence, viscous terms must be added to the
Euler equations to recover the full Navier-Stokes equations or
an approximate form of these equations.

Recently, successful time-accurate solutions of the unsteady
Euler and Navier-Stokes equations have been presented for
airfoils.'*~1% The only existing unsteady Euler solutions for
vortex-dominated flows including shock waves are those of
the rolling-oscillation of a sharp-edge delta wing in a locally
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conical supersonic flow around a mean angle of attack and a
zero angle of attack, which were presented by the authors in
Refs. 11 and 12. The authors derived the unsteady Euler
equations for the flow relative motion in a general moving
frame of reference, and the equations were solved by using an
explicit, multistage time stepping, finite-volume scheme. Peri-
odic solutions were achieved in the third cycle of rolling
oscillation. Details of the surface pressure, crossflow velocity,
and crossflow Mach contours were presented showing the
primary-vortex and shock-wave formations and interaction.
Secondary and tertiary vortices were not captured since Euler
equations were used.

In Refs. 17 and 18, the authors presented the first successful
time-accurate Euler-equations solution for a three-dimen-
sional, sharp-edged delta wing undergoing pitching oscillation
around the quarter-chord axis about a large mean angle of
attack for low-speed flows. The problem was solved using an
implicit, approximately factored, finite-volume scheme with
added explicit and implicit artificial dissipation terms. The
unsteady results were verified by comparisons with the corre-
sponding computational results obtained from another code,
known as CFL3D, which uses an implicit, flux-difference
splitting, finite-volume scheme.'

In the present paper, the viscous effects are added to the
unsteady Euler equations through the thin-layer, Navier-
Stokes equations written in the moving frame of reference for
the flow relative motion. The equations are solved using an
implicit, approximately factored, finite-volume scheme for the
steady and unsteady supersonic flow around a round-edged
delta wing. The round-edged delta wing problem is a typical
case where the Euler equations fail to produce a real flow
solution.'® Moreover, with the Navier-Stokes equations, sec-
ondary and tertiary vortices can be captured. Here, the appli-
cation covers a delta wing undergoing rolling oscillation at a
reduced frequency of 1.337 with 15-deg maximum amplitude
about a mean angle of attack of 10 deg for a Mach number of
2. These are the same conditions as those of the Euler
solution of Ref. 11 for a sharp-edged delta wing.

Formulation
In the absolute frame of reference, the unsteady, compress-
ible Navier-Stokes equations in the conservation form are
given by
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In Egs. (1-8), p is the density, ¥ the fluid velocity, p the
pressure, e the total energy per unit mass, T the temperature,
u the viscosity, Re the freestream Reynolds number, Pr the
Prandt! number, M, the freestream Mach number, ¥ the
freestream velocity, and y the ratio of specific heats. The
characteristic parameters are ¢, do, o, T, and g, which
are the root chord, freestream speed of sound, freestream
density, freestream temperature, and freestream viscosity. The
Sutherland’s constant C is the ratio of 198.6 R/460 R.

To express Egs. (1-3) in terms of a moving frame of
reference, denoted by ("), we use the following relations of the
substantial and local derivatives of a scalar a and a vector A:
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In Egs. (9) and (10), ¥, is the transformation velocity from
the absolute frame to the moving frame, ¥, the relative fluid
flow velocity, ¥, the translation velocity of the moving frame,
& the angular velocity of the moving frame, and 7 the position
vector of a fluid particle with respect to the moving frame.
With the transformation given in Eq. (9), and in terms of the
Cartesian coordinates, Egs. (1-5) become
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where 4, is the translation acceleration of the moving frame.
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In Egs. (11-19), if 7, and 4 vanish in the Euler limit, we
obtain the unsteady Euler equations in the moving frame of
reference. In Eqs. (23) and (25), J,,, is the Kronecker delta.

Computational Method

Since the equations are expressed in the moving frame of
reference, the grid is carried with the moving frame. Hence,
using the time-independent body conformed coordinates &, #,
and { in the moving frame of reference given by

¢ =L{x.y.2),

and using the thin-layer, Navier-Stokes approximation, i.e.,
keeping the viscous and heat transfer derivatives in the {
direction (normal to the body) and neglecting the ¢ and 7
derivatives of the viscous and heat transfer terms, Eq. (11)
reduces to

n= rl(x,y,z), {= g(x’y’z) (26)
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Equation (27) is integrated over £, #, and { of the computa-
tional domain, and the divergence theorem is applied to the
spatial derivative terms to obtain

Hjat;zQ'r v +”E dn d + J‘JF de dg

where V is the domain of integration, and 4 is its boundary.
Equation (34) is applied to each cell of the grid. The resulting
equation for a cell with a centroidal point ,j,k is given by
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where W(g,, ) is the spatial difference expression of the
inviscid ﬂuxes, viscous ﬂuxes, source term, and exphcn dissi-
pation D,. The expression of explicit dissipation is given in
Ref. 12. The half integer subscripts refer to the cell interface.
Using the Euler implicit method, the left-hand side of Eq. (35)
is discretized using forward differencing for the time deriva-
tive and central differencing for the spatial derivatives. The
resulting difference expression of Eq. (35) in the delta form is
given by
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where [ is the identity matrix and 6 the three-point, central-

difference operator. The Jacobians 4}, B}, C7, C;,, and H}
are given by
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The left-hand side of Eq. (36) is approximately factored, and
implicit dissipation operators (D;,D,,,D;) are added to ob-
tain the scheme

1 1
. —_ B” — D,
|:.]A /+55 Dlé][JAt’-*-é” r m]

b H7 n
I:-,A /+6C 6CC3r_7_DiCj|AQr

1
=~Uar? wigr) (38)

The implicit dissipation operators have similar forms. In the ¢
direction, the implicit dissipation operator is given by

D, = &, CFL(AV), (39)

where ¢, is the implicit dissipation coefficient, CFL the
Courant-Friedricks-Lewy number, and A and V the forward
and backward difference operators.

For the conical flow solution, Eq. (38) is solved in three
planes using the three-dimensional program. Since the abso-
lute motion of the unsteady conical flow is assumed to be
locally conical, the absolute conservative components of the
flow vector p, pu, pv, pw, pe are forced to be constant on three

UNSTEADY NAVIER-STOKES COMPUTATIONS PAST OSCILLATING WING 1567

planes. In terms of the flow relative motion these conditions
are given by

Pr+1= P2 (40)
PV =PVt p® X (F—Fryy) (41)

Pery = Per,+ OV, + pi X 1) [6 X (B —Frp )] (42)
where the subscript 2 refers to the middle plane, and the
subscript 2 + 1 refers to the first and third planes.

The computational domain is extended to a size such that
the bow shock formed outside the wing is captured as a part
of the solution. Outside of the bow shock, the flow conditions
are those of the freestream conditions.

The solid surface boundary condition is obtained from the
normal momentum equation as

oP 5 g
— = —pé, (43)
on

where ¢, is the unit outward normal to the wing surface.
Obviously for the steady flow, Eq. (43) reduces to dP/dn = 0.
The adiabatic boundary condition is taken as the temperature
condition.

For the unsteady flow, the initial conditions for the flow
relative motion are obtained by subtracting the terms due to
the impulsively started motion of the moving frame from the
absolute steady solution

pV,=pV ~pd xr (44)
pe, = pe —pV - (® x F) (45)

For steady-flow problems, local-time stepping is used; while
for the unsteady-flow problem, global minimum time stepping
is used for the time-accurate solution.

Computational Results

A round-edged delta wing of a sweep-back angle B of
70 deg, a half-vertex angle é of 1.5 deg at a mean angle of
attack «,, of 10 deg and in a freestream Mach number of 2,
and a Reynolds number of 0.5 x 10° is considered for the
computational application. The body conformed grid is gen-
erated by using a modified Joukowski transformation'! of
190 x 90 cells (around and normal to the wing) for the steady
symmetric flow and 380 x 90 cells for the unsteady asymmet-
ric flow. The CRAY XMP computer of the Numerical Aero-
dynamic Simulation (NAS) facilities at NASA Ames
Research Center is used to produce the present results.

Steady Laminar Viscous Flow

Figure 1 shows the results for the steady-flow problem. In
this figure, we show the surface pressure, the crossflow veloc-
ity, the total-pressure-loss contours, and a blowup of the
crossflow velocity near the leading edge. On the surface-pres-
sure figure, we also show the results of Thomas and New-
some'® using the implicit, flux-vector splitting, finite-volume
scheme with a grid of 151 x 75. Both results are in excellent
agreement. The crossflow velocity and its blowup and the
total-pressure-loss figures show the primary and secondary
vortices and a tertiary vortex as well. The crossflow velocity
shows a shock above the primary vortex near its inner
boundary and a small shock under the primary vortex, in-
board of the secondary vortex. It should be noticed that the
peak suction pressure of the surface-pressure figure shows two
peaks corresponding to the primary and secondary vortices.
This case took 4000 time steps to reduce the residual error by
six orders of magnitude. The CPU time per grid point per
time step is about 25x 107 s,

The results of the steady-flow case serve as the initial condi-
tions for the unsteady-flow case as follows.
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Fig. 4 Flow characteristics, r = 8.225, n = 3290, 6 = 15deg |.

Unsteady Laminar-Viscous Flow for the Rolling Oscillation
The wing is given a rolling sinusoidal oscillation of @ and
0 given by
@® = —wq coskté,, 0 = —8,,,, sinkt (46)
where 0,,,, = wy/k is the maximum amplitude of roll angle, k
is the dimensionless reduced frequency (k =k*/ /U, where
k* is the dimensional frequency and ¢ is the root chord), and
é. is a unit vector parallel to the x axis of the moving frame
of reference. In the present case, 0., =n/12=15deg,
k =1.337, and @ = 0.35. The corresponding period of oscilla-
tion is 4.7. The average value of the minimum global time

Cross-Flow Mach

Fig. 5 Flow characteristics, t = 8.8125, n = 3525, 6 = 10.607 deg |.

step is 2.5 x 1073, and hence each cycle of oscillation takes
1880 time steps. Figure 2 shows the rolling oscillation motion.

Figure 3 shows the computed lift coefficient C; and rolling-
moment coefficient C,, vs the roll angle 8 during the periodic
response, which has been achieved during the third cycle of
oscillation. The wing starts the rolling oscillation at 8 =0
rolling in the counterclockwise (CCW) direction relative to an
observer looking in the upstream direction (—é,). The
rolling-moment coefficient shows a typical hysteresis response;
while the lift coefficient shows a slight hysteresis response.
Moreover, the lift-coefficient curve is symmetric, as expected,
at about the 6 = 0-deg position since the response of the lift
coefficient during the first half of the cycle on the left side is
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a mirror image to that during the second half of the cycle on
the right side.

Next, we show details of the flow characteristics during the
last quarter of the second cycle and the first quarter of the
third cycle. These are shown in Figs. 4—8 covering the time
step number range n = 3290—4230, which corresponds to the
time range t = 8.225-10.575. In each figure, we show the
surface pressure, the crossflow velocity, and the crossflow
Mach contours.

In Fig. 4, we show the results at n» = 3290 or ¢ =8.255
where the roll angle § = +15 deg and the wing is rolling in
the CCW direction. On the wing suction side, the surface
pressure shows two peaks on the left side corresponding to
the diminishing secondary and primary vortices. The right
side shows one suction peak corresponding to a strong pri-

1'/i8
Surface Pressure

AIAA JOURNAL

mary vortex and a strong shock beneath the vortex as seen in
the crossflow Mach contours figure. The crossflow velocity
shows the picture very clearly.

In Fig. S, we show the results at n = 3525 or ¢ = 8.8125
where the roll angle 6 = +10.605 deg and the wing is rolling
in the CCW direction. On the wing suction side, the surface
pressure shows a strong suction peak along with a vortex and
a weak secondary vortex. On the right side, a strong suction
peak (smaller than the one of Fig. 4) is seen corresponding to
the primary vortex and a shock beneath the vortex. The
crossflow velocity and the crossflow Mach contours clearly
show the details of the flow.

In Fig. 6, n = 3760 or t = 9.4 where the roll angle § =0 and
the wing is still rolling in the CCW direction. At this instant,
the wing section is horizontal, and the wing has completed

0.2
-Cp 0.0 -
0.2 |-

0.4 L | !
-1.0 -0.3% a.0 Q.5 1.0

2°18
Surface Pressure

o

7 f
17577

Cross-Flow Mach

Fig. 6 Flow characteristics, t =9.4, n = 3760, 0 =0deg |.

Cross-Flow Mach

Fig. 7 Flow characteristics, t = 9.9875, n = 3995, 0 = —10.607 deg |.
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Fig. 8 Flow characteristics, # = 10.575, n =4230, 0 = —15deg 1.

two cycles of oscillation. On the suction side, the surface
pressure on the left side shows a stronger suction peak (than
that of Fig. 5) with a smaller peak to the left. The larger peak
on the left side is moving inboard to the right, and a strong
shock is formed under the primary vortex. On the right side,
the peak suction pressure is decreasing, and the primary and
secondary vortices are splitting and diffusing.

In Fig. 7, n=3995 or t=9.9875 where the roll angle
6 = —10.605 deg, and the wing is still rolling in the CCW
direction. On the suction side, the surface pressure on the left
side shows an increasing suction peak, which is still moving
inboard to the right with a stronger shock under the primary
vortex and less pronounced pressure peak of the secondary
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vortex. On the right side, the primary and secondary vortices
are splitting, diffusing, and diminishing.

In Fig. 8, n=4230 or t=10.575 where the roll angle

= —15deg, and the wing is reversing the rolling motion to
the clockwise (CW) direction. By comparing the results at this
instant to those of Fig. 4 (8 = 415 deg), one notices that the
flow response at the present instant on the left and right sides
is the same as that of Fig. 4 on the right and left sides,
respectively. Hence, periodic response of the flow has been
achieved. The conference paper®® shows additional responses
during the third cycle of oscillation.

Concluding Remarks

The unsteady compressible, thin-layer, Navier-Stokes equa-
tions have been developed in the moving frame of reference
for the flow relative motion. The resulting equations are
solved using the implicit, approximately factored, finite-vol-
ume scheme for the steady and unsteady supersonic flow
around a round-edged delta wings. The round-edged delta
wing flow problem is a typical case where the Euler equations
fail to produce a unique flow solution. The steady-flow results
have been compared with those of the implicit flux-vector
splitting, finite-volume scheme, and they are in excellent
agreement. The present scheme has also been applied to a
round-edged delta wing undergoing rolling oscillation around
the wing axis about a large mean angle of attack. The time
history of the lift and roliing-moment coefficients has been
presented. The computed flow characteristics (surface pres-
sure, crossflow velocity, and crossflow Mach contours) have
been presented and described to study the behavior of the
primary vortex, secondary vortex, and shock waves including
their interaction.
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